Abstract. Let G be a connected reductive algebraic group. In this note we prove that for a quasi-affine G-spherical variety the weight monoid is determined by the weights of its non-trivial Ga-actions that are homogeneous with respect to a Borel subgroup of G. As an application we get that a smooth affine G-spherical variety that is non-isomorphic to a torus is determined by its automorphism group inside the category of smooth affine irreducible varieties.
Introduction
In [Kra17, Theorem 1.1], Kraft proved that A n is determined by its automorphism group Aut(A n ) seen as an ind-group inside the category of connected affine varieties and in [KRvS19, Main Theorem] , this result was partially generalized in case Aut(A n ) is seen only as an abstract group. In [CRX19, Theomrem A], the last results are widely generalized in the following sense: A n is completely characterized through the abstract group Aut(A n ) inside the category of connected affine varieties. The result of Kraft was partially generalized to other affine varieties than the affine space in [Reg17] and [LRU19] . More precisely, there is the following statement: Theorem 1.1 ([LRU19, Theorem 1.4]). Let X be an affine toric variety different from the torus and let Y be an irreducible normal affine variety. If Aut(X) and Aut(Y ) are isomorphic as an ind-groups, then X and Y are isomorphic as varieties. Remark 1.2. In fact, in both [Kra17] and [LRU19, Theorem 1.4], the authors prove the statements under the slightly weaker assumption that there is a group isomorphism Aut(X) ≃ Aut(Y ) that preserves algebraic subgroups (see Sect. 5 for the definition).
In this article, we work over an algebraically closed field k of characteristic zero. A natural generalization of toric varieties are the so-called spherical varieties. Let G be a connected reductive algebraic group. Recall that a variety X endowed with a faithful G-action is called G-spherical if some (and hence every) Borel subgroup in G acts on X with an open dense orbit, see e.g. [Tim11] for a survey on the topic. If G is a torus, then a G-spherical variety is the same thing as a G-toric variety. If X is G-spherical, then X has an open G-orbit which is isomorphic to G/H for some subgroup H ⊂ G. The family of G-spherical varieties is, in a sense, the widest family of G-varieties which is well-studied: in fact, G-equivariant open embeddings of G-homogeneous G-spherical varieties are classified by certain combinatorial data (analogous to the classical case of toric varieties) by Luna-Vust [LV83] (see also the work of Knop [Kno91] ) and homogeneous G-spherical varieties are classified for k equal to the complex numbers by Luna, Bravi, Cupit-Foutou, Losev and Pezzini [Lun01, BP05, Bra07, Lun07, Los09b, BCF10, CF14] .
In this paper, we generalize partially Theorem 1.1 to quasi-affine G-spherical varieties. In order to state our main results, let us introduce some notation. Let X be an irreducible G-variety for a connected algebraic group G with a fixed Borel subgroup B ⊂ G. We denote by X(B) the character group of B, i.e. the group of regular group homomorphisms B → G m . The weight monoid of X is defined by Λ + (X) = { λ ∈ X(B) | O(X) Main Theorem 1. Let X, Y be irreducible normal quasi-affine varieties, let θ : Aut(X) ≃ Aut(Y ) be a group isomorphism that preserves algebraic subgroups (see Sect. 5 for the definition) and let G be a connected reductive algebraic group. Moreover, we fix a Borel subgroup B ⊂ G. If X is G-spherical and not isomorphic to a torus, then the following holds:
(1) Y is G-spherical for the induced G-action via θ; (2) the weight monoids Λ + (X) and Λ + (Y ) inside X(B) are the same; (3) if one of the following assumptions holds
• X, Y are smooth and affine or • X, Y are affine and G is a torus, then X and Y are isomorphic as G-varieties.
We prove Main Theorem 1(1) in Proposition 7.7, Main Theorem 1(2) in Corollary 8.5 and Main Theorem 1(3) in Theorem 8.6.
In case X is isomorphic to a torus and X is G-spherical, it follows that G is in fact a torus of dimension dim X, as by assumption G acts faithfully on X. Thus X ≃ G. Then [LRU19, Example 6.17] gives an example of an affine variety Y such that there is a group isomorphism θ : Aut(X) → Aut(Y ) that preserves algebraic subgroups, but Y is not G-toric. Thus the assumption that X is not isomorphic to a torus in Main Theorem 1 is essential.
Moreover, in general, we cannot drop the normality condition in Main Theorem 1: We give an example in Lemma 9.1 where the weight monoids of X and Y are different, see Sect. 9.
To prove Main Theorem 1, we study so-called generalized root subgroups of Aut(X) and their weights for a G-variety X (see Sect. 7 for details). We show that if a Borel subgroup B of G is not a torus, then an irreducible normal quasiaffine variety with a faithful G-action is G-spherical if and only if the dimension of all generalized root subgroups of Aut(X) with respect to B is bounded (see Proposition 7.3).
Moreover, we prove that the weight monoid Λ + (X) of a quasi-affine G-spherical variety X is encoded in the set of B-weights of non-trivial B-homogeneous G aactions:
there exists a non-trivial B-homogeneous G a -action on X of weight λ (see Subsec. 4 
.2 for the definition of a B-homogeneous G a -action). To D(X) ⊂ X(B)
we may associate its asymptotic cone D(X) ∞ inside X(B) ⊗ Z R (see Sect. 2 for the definition). We prove then the following "closed formula" for the weight monoid:
Main Theorem 2. Let G be a connected reductive algebraic group, let B ⊂ G be a Borel subgroup and let X be a quasi-affine G-spherical variety which is nonisomorphic to a torus. If G is not a torus or Spec(O(X)) ≃ A 1 ×(A 1 \{0}) dim(X)−1 , then
where the asymptotic cones and linear spans are taken inside X(B) ⊗ Z R.
Main Theorem 2 is proven in Theorem 8.2. Using this result, we then obtain as a consequence:
Main Theorem 3. Let G be a connected reductive algebraic group and let X, Y be quasi-affine G-spherical varieties with D(X) = D(Y ). Then Λ + (X) = Λ + (Y ). This is proven in Corollary 8.4.
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Cones and asymptotic cones
In the following section we introduce some basic facts about cones and convex sets. As a reference for cones we take [Ful93, §1.2] and as a reference for asymptotic cones we take [AT03, Chp. 2].
Throughout this section V denotes a Euclidean vector space, i.e. a finite dimensional R-vector space together with a scalar product
The induced norm on V we denote by · : V → R.
A subset C ⊂ V is a cone if for all λ ∈ R ≥0 and for all c ∈ C we have λ · c ∈ C. The asymptotic cone D ∞ of a subset D ⊂ V is defined as follows
where P(V ) denotes the space of lines through the origin in V . The asymptotic cone satisfies the following basic properties, see e.g. [AT03, Proposition 2.1.1, Proposition 2.1.9].
Lemma 2.1 (Properties of asymptotic cones).
(
Moreover, we need the following property:
Proof. We only have to show that (
In particular, we get y i → ∞. Let m i := min{ x i , y i }. Then m i → ∞ for i → ∞ and for big enough i we get
For the next statement, we recall some definitions. A subset C ⊂ V is called convex if for all x, y ∈ C and all α ∈ [0, 1], we have αx + (1 − α)y ∈ C. A convex cone C ⊂ V is called strongly convex, if it contains no linear subspace of V except the zero subspace. For a subset D ⊂ V , we denote by Conv(D) the convex cone generated by D in V , i.e.
A subset C ⊂ V is a convex polyhedral cone if there is a finite subset F ⊂ V such that C = Conv F . A hyperplane H ⊂ V passing through the origin is called a supporting hyperplane of a convex polyhedral cone C ⊂ V if C is contained in one of the closed half spaces in V induced by H, i.e. there is a normal vector u ∈ V to H such that
A face of a convex polyhedral cone C ⊂ V is the intersection of C with a supporting hyperplane of C in V . A face of dimension one of C is called an extremal ray of C. Lemma 2.3. Let C ⊂ V be a cone and let H 1 be an affine hyperplane in V such that 0 ∈ H 1 . If
Proof. Let π : V → R be a linear map such that H 1 = π −1 (1). By assumption, there is c ∈ C ∩ H 1 . We may assume that c lies in the topological boundary of C inside the linear span of C (otherwise we are finished). By the continuity of π, there is c
Lemma 2.4. Let C ⊂ V be a convex polyhedral cone and let H ⊂ V be a hyperplane. Then for each v ∈ V such that C ∩ (v + H) = ∅, we have
Proof. We denote D := C ∩ (v + H) ⊂ V . As D = ∅ we can take x ∈ D. If y ∈ C ∩ H, then x + y ∈ C and x + y ∈ v + H, thus x + y ∈ D. This shows that x + (C ∩ H) ⊂ D and by Lemma 2.1, we get C ∩ H ⊂ D ∞ . Now, from Lemma 2.1 we get also the reverse inclusion:
For a fixed lattice Λ ⊂ V (i.e. a finitely generated subgroup), a convex polyhedral cone C ⊂ V is called rational (with respect to Λ), if each extremal ray of C is generated by some element from C ∩ Λ. Note that a face of a rational convex polyhedral cone is again a rational convex polyhedral cone, see [Ful93, Proposition 2].
Lemma 2.5. Let Λ ⊂ V be a lattice. If C ⊂ V is a rational convex polyhedral cone (with respect to Λ), then
is a compact subset of C. In particular, there is a real number δ ≥ 0 such that v ≤ δ for all v ∈ K. Now, let c ∈ C. Then there exist m 1 , . . . , m r ∈ Z ≥0 and 0 ≤ t 1 , . . . , t r ≤ 1 such that
This shows that c is contained in the δ-neighbourhood (C ∩ Λ) δ . In summary we get
δ and by using Lemma 2.1 and 2.2 the statement follows.
Proposition 2.6. Let Λ ⊂ V be a lattice, let C ⊂ V be a convex polyhedral cone and let H ⊂ V be a hyperplane such that H ∩ Λ has rank dim H and C ∩ H is rational with respect to Λ. Moreover, let H ′ := γ + H for some γ ∈ Λ \ H.
Proof.
(1) As γ ∈ H, we get 0 ∈ H ′ . Since C ∩ H ′ = ∅ there is thus x ∈ int(C) ∩ H ′ by Lemma 2.3. As dim(C ∩ H) = dim H, the linear span of C ∩ H is H and we get that int(C ∩ H) is a non-empty open subset of H. Let
Denote by S the unit sphere in H with centre 0 and consider
This implies by Lemma 2.1
By Lemma 2.5 applied to the rational convex polyhedral cone C ∩ H ⊂ V we get
By Lemma 2.4 we get
Combining (a), (b) and (c) yields the result.
Proposition 2.7. Let Λ ⊂ V be a lattice of rank dim V , C ⊂ V a rational convex polyhedral cone and H 0 ⊂ V a hyperplane such that C ∩ H 0 is rational. Let H 1 ⊂ V be an affine hyperplane which is parallel to H 0 and set
Proof. If H 0 = H 1 , then H 0 = H −1 and the statement is trivial. Thus we assume that H 0 = H 1 , whence H 0 = H −1 and H 1 = H −1 . Since C ∩ H ±1 = ∅ and since H 0 , H 1 and H −1 are pairwise disjoint, there exist c ±1 ∈ int(C) ∩ H ±1 by Lemma 2.3. As C is convex, the line segment in V that connects c 1 and c −1 lies in int(C) and thus int(C) ∩ H 0 = ∅. Let B ⊂ C be the union of the proper faces of C, i.e. B is the topological boundary of C inside the linear span of C, see [Ful93, Sect. 1.2 (7)]. If C ∩ H 0 ∩ Λ ⊂ B, then by Lemma 2.5 applied to the rational convex polyhedral cone C ∩ H 0 in V we get
In particular, we can choose
By exchanging H 1 and H −1 , it is enough to prove "⇒" of the statement. For this, let γ −1 ∈ C ∩ H −1 ∩ Λ. Since C is a convex rational polyhedral cone, there is a finite set E ⊂ V \ {0} with
Since γ 0 ∈ C \ B, we get u, γ 0 > 0 for all u ∈ E. In particular, we can choose m ≥ 0 so big that
Quasi-affine varieties
To any variety X, we can naturally associate an affine scheme
Moreover this scheme comes equipped with the so-called canonical morphism
Remark 3.1. For any variety X, the canonical morphism ι : X → X aff is dominant. Indeed, let X ′ := ι(X) ⊂ X aff be the closure of the image of ι (endowed with the induced reduced subscheme structure). Since the composition
is the identity on O(X), it follows that the surjection O(X) = O(X aff ) → O(X ′ ) is injective and thus X ′ = X. If X is endowed with an algebraic group action, then this action uniquely extends to an algebraic group action on X aff : Lemma 3.3. Let X be a quasi-affine H-variety for some algebraic group H. Then X aff is an affine scheme that has a unique H-action that extends the H-action on X via the canonical open immersion X ֒→ X aff .
Proof. By Lemma 3.2, the canonical morphism X → X aff is an open immersion of schemes and there is a unique action of H on X aff that extends the H-action on X, see e.g. [KRvS19, Lemma 5]. Now, we compare G-sphericity of X and X aff .
Lemma 3.4. Let G be a connected reductive algebraic group and let X is a quasiaffine G-variety. Then
Proof. If X aff is an affine G-spherical variety, then X is G-spherical by Lemma 3.2. For the other implication, assume that X is G-spherical. It follows that O(X) is a finitely generated algebra over the ground field by [Kno93] and thus X aff = Spec O(X) is an affine variety. Since X is irreducible, X aff is irreducible by Remark 3.1. Moreover, for each x ∈ X, the local ring O X,x is integrally closed and thus O(X) = x∈X O X,x is integrally closed, i.e. X aff is normal. Since X is an open subset of X aff , and since a Borel subgroup of G acts with an open orbit on X, the same is true for X aff .
Proposition 3.5. Let X be any variety endowed with an H-action for some algebraic group H. The natural action of H on O(X) satisfies the following: If f ∈ O(X), then Span k (Hf ) is a finite dimensional H-invariant subspace of O(X) and H acts regularly on it.
For the sake of completeness, we insert a proof here which follows closely [Kra84,
Proof. The action morphism ρ : H × X → X induces a k-algebra homomorphism
There exist finitely many linearly independent f 1 , . . . , f n ∈ O(X) such that
We claim that W is contained in n i=1 kf i (and thus is finite dimensional) and that H acts regularly on W . Indeed, for all h ∈ H and x ∈ X we get
and thus hf ∈ n i=1 kf i , which proves W ⊂ n i=1 kf i . After changing the basis f 1 , . . . , f n , we may have assumed from the beginning (and we will assume this now) that W = m i=1 kf i for some m ≤ n. Using that ( * ) holds for all x ∈ X, we get p i (h −1 ) = 0 for each i > m and for each h ∈ H, i.e. p i = 0 for each i > m. Thus we may assume that m = n and f 1 , . . . , f n is a basis of W . For j ∈ {1, . . . , n}, writing f j = r λ jr (h r f ) for some h r ∈ H and λ jr ∈ k yields
by using ( * ). Thus H acts regularly on W .
Proposition 3.6. Let H be a connected solvable algebraic group and let X be an irreducible quasi-affine H-variety. Then for every H-semi-invariant rational map f :
Proof. The strategy of the proof is the same as in [Bri10, Proposition 2.8]. Let f : X k be a H-semi-invariant rational map. The subspace
is non-zero, since the quotient field of O(X) is the function field K(X) (note that X is quasi-affine). Moreover, V is H-invariant, since f is a H-semi-invariant. By Proposition 3.5 there is a finite-dimensional H-invariant non-zero subspace W ⊂ V such that the H-action on W is regular. Then by the Lie-Kolchin Theorem [Hum75, Theorem 17.6] there is a non-zero H-semi-invariant f 2 ∈ W . Thus
is H-semi-invariant which concludes the proof.
Corollary 3.7. Assume that H is a unipotent algebraic group and X is an irreducible quasi-affine H-variety. Then the field K(X) H of H-invariant rational maps X k is the same as the quotient field of O(X) H .
Proof. There is an inclusion of the quotient field
Vector fields
4.1. Generalities on vector fields. Let X be any variety. We denote by Vec(X) the vector space of all algebraic vector fields on X, i.e. all algebraic sections of the tangent bundle T X → X. Note that Vec(X) is in a natural way an O(X)-module. Now, assume X is endowed with a regular action of an algebraic group H. Then, Vec(X) is an H-module, via the following action: Let h ∈ H and ξ ∈ Vec(X), then h · ξ is defined via
where ϕ h denotes the automorphism of X given by multiplication with h and dϕ h denotes the differential of ϕ h . For a fixed character λ : H → G m we say that a vector field ξ ∈ Vec(X) is normalized by H with weight λ if ξ is a H-semi-invariant of weight λ, i.e. for all h ∈ H the following diagram commutes
We denote by Vec(X) λ,H the subspace in Vec(X) of all vector fields which are normalized by H with weight λ. If it is clear which action on X is meant, we drop the index H and simply write Vec(X) λ . Note that Vec(X) λ is in a natural way an O(X)
H -module where O(X) H denotes the H-invariant regular functions on X. We denote by Vec H (X) the subspace of all H-invariant vector fields in Vec(X), i.e. Vec H (X) = Vec(X) 0 where 0 denotes the trivial character of H. Now, assume that X is affine. There is a k-linear map
) is an isomorphism: Indeed, as X is affine, we have Vec(X) = η : X → T X η is a set-theoretical section and for all f ∈ O(X) the map x → η(x)(f ) is a regular function on X ,
4.2.
Homogeneous G a -actions and vector fields. The material of this small subsection is contained in [FK18, §6.5], however formulated for all varieties. Throughout this subsection, H denotes an algebraic group and X a H-variety. Let D be an algebraic group that acts regularly on a variety X. Then we get a k-linear map Lie D → Vec(X), A → ξ A , where the vector field ξ A is given by
and µ x : D → X, d → dx denotes the orbit map in x: Indeed ( ) is a morphism as it is the composition of the morphisms
where 0 x ∈ T X denotes the zero vector inside T x X and µ : D × X → X denotes the D-action.
where ε : G a → Aut(X) is the group homomorphism induced by the G a -action.
Lemma 4.2. Let H be an algebraic group, X a H-variety and ρ a H-homogeneous G a -action on X of weight λ ∈ X(H). Then the image of the previously introduced
Proof. As ρ is H-homogeneous, we get for each x ∈ X and each h ∈ H the following commutative diagram
for each A ∈ Lie G a and thus the statement follows.
Lemma 4.3. Let H be an algebraic group and let N ⊂ H be a normal subgroup such that the character group X(N ) is trivial. If X is an irreducible H-variety, then
there is a non-trivial H-homogeneous G a -action on X of weight λ is contained in the set of H-weights of non-zero vector fields in Vec N (X) that are normalized by H.
Proof. Let ρ : G a × X → X be a non-trivial G a -action on X. By Lemma 4.1 and 4.2 there is a non-zero ξ ∈ Vec(X) such that for each h ∈ H we have h · ξ = λ(h)ξ. Moreover, since X(N ) = 0, ξ is N -invariant. Thus D H (X) is contained in the set of H-weights of non-zero vector fields in Vec N (X) that are normalized by H. Now, assume that X is an affine variety and fix some non-zero element
There is a map
where ξ A0 is defined as in ( ) with respect to the G a -action ρ. As for each f ∈ O(X) we have that
, it follows from [Fre17, Sect. 1.5] that the above map is in fact a bijection.
4.3.
Finiteness results on modules of vector fields. Let G be an algebraic group. For this subsection, let X be a G-variety. Note that Vec(X) is an O(X)-G-module via the O(X)-and G-module structures given in §4.1, i.e. Vec(X) is a G-module, it is an O(X)-module and both structures are compatible in the sense that
Lemma 4.4. Assume that X is a quasi-affine G-variety and that O(X) is finitely generated as a k-algebra. Then the O(X)-G-module Vec(X) is finitely generated and rational, i.e. Vec(X) is finitely generated as an O(X)-module and the Grepresentation Vec(X) is a sum of finite dimensional rational G-subrepresentations.
Proof. Since O(X) is finitely generated, X aff = Spec O(X) is an affine variety that is endowed with a natural G-action, see Lemma 3.3. By [Kra84, Satz 2, II.2.S] there is a rational G-representation V and a G-equivariant closed embedding X aff ⊆ V . We denote by ι : X → V the composition of the canonical open immersion X ⊂ X aff with X aff ⊂ V . Note that the image of ι is locally closed in V and that ι induces an isomorphism of X onto that locally closed subset of V . Thus, dι : T X → T V | X is a G-equivariant closed embedding over X which is linear on each fibre of T X → X. Thus we get an
finitely generated and rational (see Proposition 3.5), and thus the statement follows.
For the next result we recall the following definition.
H is a finitely generated k-algebra.
Let G be a connected reductive algebraic group. Examples of Grosshans subgroups of G are unipotent radicals of parabolic subgroups of G, see [Gro97, Theorem 16.4]. In particular, the unipotent radical U of a Borel subgroup B ⊂ G is a Grosshans subgroup in G (see also [Gro97, Theorem 9.4]). A very important property of Grosshans subgroups is the following: Proposition 4.6 ([Gro97, Theorem 9.3]). Let A be a finitely generated k-algebra and let G be a connected reductive algebraic group that acts via k-algebra automorphisms on A such that A becomes a rational G-module. If H ⊂ G is a Grosshans subgroup, then the ring of H-invariants
is a finitely generated k-subalgebra of A.
Proposition 4.7. Let R be a finitely generated k-algebra and assume that a connected reductive algebraic group G acts via k-algebra automorphisms on R such that R becomes a rational G-module. Let H ⊂ G be a Grosshans subgroup. If M is a finitely generated rational R-G-module, then M H is a finitely generated R H -module.
Proof. We consider the k-algebra A = R ⊕ εM , where the multiplication on A is defined via (r + εm) · (q + εn) = rq + ε(rn + qm) .
Since R is a finitely generated k-algebra and since M is a finitely generated Rmodule, A is a finitely generated k-algebra. Moreover, since R and M are rational Gmodules, A is a rational G-module. Moreover, G acts via k-algebra automorphisms on A. Since H is a Grosshans subgroup of G, it follows now by Proposition 4.6 that
is a finitely generated k-algebra. Thus one can choose finitely many elements m 1 , . . . , m k ∈ M H such that εm 1 , . . . , εm k generate A H as an R H -algebra. However, since ε 2 = 0, it follows that m 1 , . . . , m k generate M H as an R H -module. As M is a rational G-module, it follows that M H is a rational H-module.
As an application of Lemma 4.4 and Proposition 4.7 we get the following finiteness result of Vec H (X) for a Grosshans subgroup H of a connected reductive algebraic group.
Corollary 4.8. Let H be a Grosshans subgroup of a connected reductive algebraic group G. If X is a quasi-affine G-variety such that O(X) is finitely generated as a k-algebra, then Vec H (X) is a finitely generated O(X) H -module.
4.4.
Vector fields normalized by a group action with an open orbit. For this subsection, let H be an algebraic group and let X be an irreducible H-variety which contains an open H-orbit. Moreover, fix a character λ of H. In this section we give an upper bound on the dimension of Vec(X) λ = Vec(X) λ,H .
Lemma 4.9. Fix x 0 ∈ X that lies in the open H-orbit and let H x0 be the stabilizer of x 0 in H. Then, there exists an injection of Vec(X) λ into the H x0 -eigenspace of the tangent space T x0 X of weight λ given by
In particular, the dimension of Vec(X) λ is smaller than or equal to the dimension of the H x0 -eigenspace of weight λ of T x0 X.
where ϕ h : X → X denotes the automorphism given by multiplication with h. Since x 0 lies in the open H-orbit and X is irreducible, ξ is uniquely determined by ξ(x 0 ). Moreover, ( ) implies that ξ(x 0 ) is a H x0 -eigenvector of weight λ of T x0 X.
Automorphism group of a variety and root subgroups
Let X be a variety and denote by Aut(X) its automorphism group. A subgroup H ⊂ Aut(X) is called algebraic subgroup of Aut(X) if H has the structure of an algebraic group such that the action H × X → X is a regular action of the algebraic group H on X. It follows from [Ram64] (see also [KRvS19, Theorem 2.9]) that this algebraic group structure on H is unique up to algebraic group isomorphisms.
Let X, Y be varieties. We say that a group homomorphism θ : Aut(X) → Aut(Y ) preserves algebraic subgroups if for each algebraic subgroup H ⊂ Aut(X) its image θ(H) is an algebraic subgroup of Aut(Y ) and if the restriction θ| H : H → θ(H) is a homomorphism of algebraic groups. We say that a group isomorphism θ : Aut(X) → Aut(Y ) preserves algebraic subgroups, if both homomorphisms θ and θ −1 preserve algebraic subgroups.
Assume now that X is an H-variety for some algebraic group H and that U 0 ⊂ Aut(X) is a one-parameter unipotent subgroup, i.e. an algebraic subgroup of Aut(X) that is isomorphic to G a . If for some isomorphism G a ≃ U 0 of algebraic groups the induced G a -action on X is H-homogeneous of weight λ ∈ X(H), then we call U 0 a root subgroup with respect to H of weight λ (see §4.2). Note that this definition does not depend on the choice of the isomorphism G a ≃ U 0 . This notion goes back to Demazure [Dem70] .
Lemma 5.1. Let X, Y be H-varieties for some algebraic group H. If θ : Aut(X) → Aut(Y ) is a group homomorphism that preserves algebraic subgroups and if θ is compatible with the H-actions in the way that
commutes, then for any root subgroup U 0 ⊂ Aut(X) with respect to H, the image θ(U 0 ) is either the trivial group or a root subgroup with respect to H of the same weight as U 0 .
Proof. We can assume that θ(U 0 ) is not the trivial group. Hence, θ(U 0 ) is a oneparameter unipotent group.
Let ε : G a ≃ U 0 ⊂ Aut(X) be an isomorphism and let λ : H → G m be the weight of U 0 . Then we have for each
Since θ| U0 : U 0 → θ(U 0 ) is a surjective homomorphism of algebraic groups that are both isomorphic to G a (and since the ground field is of characteristic zero), θ| U0 is in fact an isomorphism. Thus θ • ε : G a ≃ θ(U 0 ) ⊂ Aut(X) is an isomorphism and hence λ is the weight of θ(U 0 ) with respect to H.
6. Homogeneous G a -actions on quasi-affine toric varieties
In this section, we give a description of the homogeneous G a -actions on a quasiaffine toric variety. Throughout this section, we denote by T an algebraic torus. Recall that a T -toric variety is a T -spherical variety. A G a -action is called homogeneous if it is T -homogeneous of some weight λ ∈ X(T ), see §4.2.
Let X be a toric variety. In case X is affine, Liendo gave a full description of all homogeneous G a -action. In case X is quasi-affine, X aff = Spec(O(X)) is an affine T -toric variety by Lemma 3.4. Moreover, every homogeneous G a -action on X extends uniquely to a homogeneous G a -action on X aff by Lemma 3.3. Thus we are led to the problem of describing the homogeneous G a -actions on X aff that preserve the open subvariety X.
In order to give this description we have to do some preparation. First, we give a description of X aff in case X is toric and give a characterization, when X is quasi-affine. For this, let us introduce some basic terms from toric geometry. As a reference we take [Ful93] and [CLS11] .
Note that M = X(T ) = Hom Z (N, Z) for a free abelian group N of rank dim T and denote by M R = M ⊗ Z R, N R = N ⊗ Z R the extensions to R. Moreover, let 
Let σ ⊂ N R be a strongly convex rational polyhedral cone in N R , i.e. it is a convex rational polyhedral cone with respect to the lattice N ⊂ N R and σ contains no non-zero linear subspace of N R . Then its dual
We can then associate to σ a toric variety
The torus T acts then on X σ with an open orbit where this action is induced by the coaction k[σ
Note that we have a order-reversing bijection between the faces of σ and the faces of its dual σ ∨ :
where τ ⊥ consists of those u ∈ M R that satisfy u, v = 0 for all v ∈ τ , see [Ful93, Sect. 1.2 (10)]. Moreover, each face τ ⊂ σ determines an orbit of dimension n − dim(τ ) of the T -action on X σ (see [Ful93, §3.1]). We denote its closure in X σ by V (τ ). In particular, V (τ ) is an irreducible closed T -invariant subset of X σ .
More generally, for a fan Σ of strongly convex rational polyhedral cones in N R we denote by X Σ its associated toric variety, which is covered by the open affine toric subvarieties X σ where σ runs through the cones in Σ.
Lemma 6.1. Let X = X Σ be a toric variety for a fan Σ of strongly convex rational polyhedral cones in N R . Denote by σ 1 , . . . , σ r ⊂ N R the maximal cones in Σ and set
Then:
(1) We have X aff = X σ and the canonical morphism ι : X → X aff is induced by the embeddings σ i ⊂ σ for i = 1, . . . , r. (2) The toric variety X is quasi-affine if and only if each σ i is a face of σ. (3) If X is quasi-affine, then the irreducible components of X aff \ X are the closed sets of the form V (τ ) where τ is a minimal face of σ with τ ∈ Σ. (4) If X is quasi-affine, then each face τ of σ with τ ∈ Σ has dimension at least 2.
In particular, X aff \ X is a closed subset of codimension at least 2 in X aff .
Proof of Lemma 6.1.
(1): Since the affine toric varieties X σ1 , . . . , X σr cover X, we get inside
we get O(X) = O(X σ ) which implies the first claim. For the second claim, denote by ι i : X σi → (X σi ) aff the canonical morphism of X σi (which is in fact an isomorphism). Then we have for each i = 1, . . . , r the commutative diagram On the other hand, if X is quasi-affine, then ι : X → X σ is an open immersion (again by Lemma 3.2) and by (1), the morphism X σi → X σ induced by σ i ⊂ σ is also an open immersion. It follows now from [Ful93, §1.3 Exercise on p.18] that σ i is a face of σ.
(3): We claim, that X aff \ X is the union of all V (τ ), where τ ⊂ σ is a face with τ ∈ Σ.
Let τ ⊂ σ be a face such that τ ∈ Σ. In particular we have for all i that τ ⊂ σ i . Sine X is quasi-affine, σ i is a face of σ by (2). Hence, there is a
by [Ful93, §1. 3 Lemma] where Z Xσ (χ ui ) denotes the zero set of χ ui ∈ O(X σ ) inside X σ . As τ ⊂ σ, but τ ⊂ σ i , we get τ ⊂ u ⊥ i and thus
.1], the closed embedding V (τ ) ⊂ X σ corresponds to the surjective k-algebra homomorphism
In particular, χ ui vanishes on V (τ ) and thus V (τ ) and X σi are disjoint for all i = 1, . . . , r, i.e. V (τ ) ⊂ X aff \ X. On the other hand, if η ⊂ σ is a face with η ∈ Σ, then there is a i ∈ {1, . . . , r} such that η is a face of σ i . Then by [Ful93, §3.1 p. 53], it follows that V (η) and X σi do intersect. In particular, V (η) ⊂ X aff \ X. Since X aff \ X is a closed T -invariant subset, it is the union of some V (ε) for some faces ε of σ. This implies then the claim.
Statement (3) now follows from the claim, since the minimal faces τ ⊂ σ with τ ∈ Σ correspond to the maximal V (τ ) in X aff \ X.
(4): Since X is quasi-affine it follows from (2) that each σ i is a face of σ. Since σ is the convex hull of the σ i , we get thus that the extremal rays of σ are the same as the extremal rays of all the σ i . Hence the extremal rays of σ are the same as the cones of dimension one in Σ. In particular, each face τ of σ with τ ∈ Σ has dimension at least 2.
For the description of the homogeneous G a -actions, let us setup the following notation. Let σ ⊂ N R be a strongly convex rational polyhedral cone. If ρ ⊂ σ is an extremal ray and τ ⊂ σ a face, we denote τ ρ := Conv(extremal rays in τ except ρ) ⊂ N R .
In particular, if ρ is not an extremal ray of τ , then τ ρ = τ . Let us mention the following easy observations of this construction for future use: Lemma 6.2. Let σ ⊂ N R be a strongly convex rational polyhedral cone, τ ⊂ σ a face and ρ ⊂ σ an extremal ray. Then (1) τ ρ is a face of σ ρ ; (2) If dim τ ρ < dim τ , then τ ρ is a face of τ .
Proof. (1): By definition, there is
is a face of σ ρ . If ρ ⊂ τ , then σ ρ ∩ u ⊥ is the convex cone generated by the extremal rays in τ , except ρ, i.e. τ ρ = σ ρ ∩ u ⊥ . Thus τ ρ is a face of σ ρ . (2): As dim τ ρ < dim τ , we get ρ ⊂ τ and
( ) Hence, there is u ∈ M such that Span R (τ ρ ) = u ⊥ ∩ Span R (τ ). After possibly replacing u by −u, we may assume u, v ρ ≥ 0 where v ρ ∈ ρ denotes the unique primitive generator. As τ ρ ⊂ u ⊥ , we get now u ∈ τ ∨ . Moreover,
where the second equality follows from ( ) as one may write each element in τ as λv ρ + µw for w ∈ τ ρ and λ, µ ≥ 0. Thus τ ρ is a face of τ .
For each extremal ray ρ in a strongly convex rational polyhedral cone σ, let
} where v ρ ∈ ρ denotes the unique primitive generator.
Remark 6.3 (see also [Lie10, Remark 2.5]). The set S ρ is non-empty. Indeed, apply Proposition 2.6(1) to the convex polyhedral cone C = σ ∨ ρ and the hyperplanes
Now, we come to the promised description of the homogeneous G a -actions on toric varieties due to Liendo:
Proposition 6.4 ([Lie10, Lemma 2.6, Theorem 2.7]). Let σ ⊂ N R be a strongly convex rational polyhedral cone. Then for any extremal ray ρ in σ and any e ∈ S ρ , the linear map
is a homogeneous locally nilpotent derivation of degree e, and every homogeneous locally nilpotent derivation of k[σ ∨ M ] is a constant multiple of some ∂ ρ,e . Remark 6.5. The weight of the homogeneous G a -action induced by ∂ ρ,e is e ∈ M . The kernel of the locally nilpotent derivation ∂ ρ,e is k[σ
The following lemma is the key for the description of the homogeneous G a -actions on a quasi-affine toric variety.
Lemma 6.6. Let σ ⊂ N R be a strongly convex rational polyhedral cone, τ ⊂ σ a face, ρ ∈ σ an extremal ray and e ∈ S ρ . Then the G a -action on X σ corresponding to the locally nilpotent derivation ∂ ρ,e leaves V (τ ) invariant if and only if ρ ⊂ τ or e ∈ τ ⊥ ρ . Proof. As in the proof of Lemma 6.1 (3), the embedding ι : V (τ ) ⊂ X σ corresponds to the surjective k-algebra homomorphism
Thus the G a -action on X σ corresponding to ∂ ρ,e preserves V (τ ) if and only if
We distinguish now two cases:
(1) Assume ρ ⊂ τ . Then τ ⊂ σ ρ . In particular, we get e, v ≥ 0 for all v ∈ τ . Let m ∈ σ ∨ M \ τ ⊥ . Then we get m, v > 0 for some v ∈ τ and hence e + m, v > 0 for some v ∈ τ which in turn implies e + m ∈ τ ⊥ . Thus (⊙) is satisfied. (2) Assume ρ ⊂ τ . In particular, we have τ ⊥ ⊂ ρ ⊥ . We distinguish two cases:
• e ∈ τ ⊥ ρ : Then there exists an extremal ray ρ ′ ⊂ τ with ρ ′ = ρ such that e ∈ (ρ ′ ) ⊥ and the unique primitive generator
In particular e + m ∈ τ ⊥ for all m ∈ σ ∨ M and thus (⊙) is satisfied.
• e ∈ τ ⊥ ρ : Now, we want to apply Proposition 2.7. For this we fix the lattice
ρ is a rational convex polyhedral cone in M R and thus also in V . Moreover, we set
Since H 0 V we get thus dim τ ρ < dim τ . Now, by Lemma 6.2(2), τ ρ is a face of τ and therefore σ ∨ ∩ τ ⊥ ρ σ ∨ ∩ τ ⊥ by the order-reversing bijection between faces of σ and σ ∨ . Hence, there is u ∈ (σ ∨ ∩τ ⊥ ρ )\τ ⊥ and in particular u ∈ C \ H 0 . As u, v ρ > 0, after scaling u with a real number > 0, we may assume u ∈ C ∩ H 1 and hence C ∩ H 1 = ∅. Now, as C ∩ H 0 = σ ∨ ∩ τ ⊥ is rational in M R and thus also in V , we may apply Proposition 2.7 and get some
we get thus e + m 1 ∈ τ ⊥ . This implies that (⊙) is not satisfied.
We can use this lemma to give a full description of all homogeneous G a -actions on a quasi-affine toric variety X = X Σ where Σ is a fan in N R . Recall that X aff = X σ , where σ is the cone in N R generated by all maximal cones in Σ, see Lemma 6.1. Moreover, X aff \ X is the union of the sets of the form V (τ ) where τ ⊂ σ runs through the minimal faces with the property that τ ∈ Σ (again by Lemma 6.1). In the next corollaries, we use this notation freely.
Corollary 6.7. Let X = X Σ be a quasi-affine toric variety, let X aff = X σ and let τ 1 , . . . , τ s ⊂ σ be the minimal faces of σ with τ i ∈ Σ for all i = 1, . . . , s. Then, the homogeneous G a -actions on X are the restricted homogeneous G a -actions on X aff that are induced by the constant multiples of ∂ ρ,e ∈ LND k (O(X)) such that for all i = 1, . . . , s we have
Proof. Assume that ∂ ρ,e is a locally nilpotent derivation of O(X) such that (⊛) is satisfied for all i = 1, . . . , s. Then by Lemma 6.6, the sets V (τ 1 ), . . . , V (τ s ) ⊂ X aff are left invariant by the homogeneous G a -action ε ρ,e : G a × X aff → X aff which is induced by ∂ ρ,e . In particular, X = X aff \ (V (τ 1 ) ∪ . . . V (τ s )) (see Lemma 6.1) is left invariant by ε ρ,e . On the other hand, let ε : G a × X → X be a homogeneous G a -action on X. By Lemma 3.3 and Proposition 6.4 this G a -action extends to a homogeneous G aaction ε ρ,e : G a × X aff → X aff which is induced by some locally nilpotent derivation λ · ∂ ρ,e ∈ LND k (O(X)) for some constant λ ∈ k, some extremal ray ρ in σ and some e ∈ S ρ . Since ε ρ,e extends ε, the subset V (τ 1 ) ∪ . . . ∪ V (τ s ) = X aff \ X is left invariant by ε ρ,e . Since the V (τ 1 ), . . . , V (τ s ) are the irreducible components of X aff \ X and since G a is an irreducible algebraic group, it follows that ε ρ,e preserves each V (τ i ). By Lemma 6.6 we get that for each i = 1, . . . , s the condition (⊛) is satisfied.
For the next consequences of Corollary 6.7 we recall the following notation from Sect. 2: For a subset E ⊂ M R we denote by int(E) the topological interior of E inside the linear span of E. In these consequences we give a closer description of the weights in M arising from homogeneous G a -actions on quasi-affine toric varieties and compute the asymptotic cone of these weights.
Corollary 6.8. Let X = X Σ be a quasi-affine toric variety, let X aff = X σ , let ρ ⊂ σ be an extremal ray and let D ρ (X) be the set of weights e ∈ S ρ such that the locally nilpotent derivation ∂ ρ,e of O(X) induces a homogeneous G a -action on X.
. . , τ s be the minimal faces of σ which are not contained in Σ. According to Corollary 6.7 it is enough to show that for each τ i with ρ ⊂ τ i we have e ∈ (τ i ) ⊥ ρ . By Lemma 6.1 (4) we get that dim τ i ≥ 2 for every i. Hence, dim(τ i ) ρ ≥ 1 and thus (τ i )
Corollary 6.9. Let X = X Σ be a quasi-affine toric variety. Let X aff = X σ and let D(X) be the set of weights e ∈ M such that there is a non-trivial homogeneous G a -action on X of weight e. Then the asymptotic cone of D(X) ⊂ M R satisfies
Since D(X) is the union of the D ρ (X) for the extremal rays ρ ⊂ σ (with the definition of D ρ (X) from Corollary 6.8), we get by Lemma 2.1 that
Now, we want to apply Proposition 2.6 for an extremal ray ρ in σ. For this we fix the lattice Λ = M inside V = M R and consider the convex polyhedral cone C = σ ∨ ρ inside V and the hyperplane
+H where v ρ ∈ ρ denote the unique primitive generator. Since ρ is an extremal ray of σ, it follows that σ ρ σ and thus σ
This implies that there is u ∈ C with u, v ρ < 0. Since C is a cone, we get that C ∩ H ′ is non-empty. Now, Proposition 2.6 applied to Λ, C, H, H ′ ⊂ V implies that
By Corollary 6.8 and Lemma 2.1 we get
Combining (d) and (e) yields σ ∨ ∩ ρ ⊥ = D ρ (X) ∞ which implies the result.
In the sequel we also need that D(X) generates M as a group.
Proposition 6.10. Let X be a quasi-affine toric variety and let D(X) be the set of all weights e ∈ M such that there is a non-trivial homogeneous G a -action on X of weight e. If X ≃ T , then D(X) generates M as a group.
Since X ≃ T , the cone σ has an extremal ray ρ. Proposition 6.10 follows thus from the next lemma, since S ρ ∩ int(σ ∨ ρ ) ⊂ D(X) (see Corollary 6.8). Lemma 6.11. Let σ ⊂ N R be a strongly convex rational polyhedral cone. Then for every extremal ray ρ ⊂ σ, the set S ρ ∩ int(σ ∨ ρ ) generates M as a group. Proof. Denote by v ρ ∈ ρ the unique primitive generator. By Remark 6.3, S ρ is nonempty. Thus by Proposition 2.6(1) applied to the convex polyhedral cone C = σ ∨ ρ and the hypersurfaces
Since v ρ ∈ N is primitive, we can choose coordinates N = Z n (where n = rank N ) such that v ρ = (1, 0, . . . , 0). We then identify M = Hom Z (N, Z) with Z n by choosing the dual basis of
. . , n, where e i = (0, . . . , 0, 1, 0, . . . , 0) and 1 is at position i. In particular, e i = (a + m + e i ) − (a + m) ∈ Span Z (A) for i = 2, . . . , n .
Since v ρ = (1, 0, . . . , 0) and a, v ρ = −1, it follows that a = (−1, a 2 , . . . , a n ) for certain a 2 , . . . , a n ∈ Z. In particular, (1, 0, . . . , 0) = −a + n i=2 a i e i ∈ Span Z (A). Thus, Span Z (A) = M .
The automorphism group determines sphericity
Our first goal in this section is to give a criterion, when a solvable algebraic group B acts with an open orbit on a quasi-affine B-variety. For this, we introduce the notion of generalized root subgroups:
Definition 7.1. Let H be an algebraic group and let X be a H-variety. We call an algebraic subgroup U 0 ⊆ Aut(X) of dimension m which is isomorphic to (G a ) m a generalized root subgroup (with respect to H) if there exists a character λ ∈ X(H), called the weight of U 0 such that
Using that a group automorphism of (G a ) m is k-linear, we see that the weight of a generalized root subgroup U 0 does not depend on the choice of an isomorphism ε : (G a ) m ≃ U 0 .
Remark 7.2. Let H be an algebraic group and let X be an H-variety. Using again that algebraic group automorphisms of (G a ) m are k-linear, one can see the following: An algebraic subgroup U 0 ⊂ Aut(X) which is isomorphic to (G a ) m for some m ≥ 1 is a generalized root subgroup with respect to H if and only if each onedimensional closed subgroup of U 0 is a root subgroup of Aut(X) with respect to H. In particular, root subgroups are generalized root subgroups of dimension one.
Proposition 7.3. Let B be a connected solvable algebraic group that contains unipotent elements and let X be an irreducible quasi-affine variety with a faithfull B-action. Then, the following statements are equivalent:
(1) The variety X has an open B-orbit; (2) There is a constant C such that dim Vec(X) λ ≤ C for all weights λ ∈ X(B); (3) There exists a constant C such that dim U 0 ≤ C for each U 0 ⊆ Aut(X) which is a generalized root subgroup with respect to B.
(1) =⇒ (2): By Lemma 4.9 we get dim Vec(X) λ ≤ dim T x0 X where x 0 ∈ X is a fixed element of the open B-orbit.
(2) =⇒ (3): Let U 0 ⊆ Aut(X) be a generalized root subgroup of weight λ ∈ X(B). By Lemma 4.1, the k-linear map Lie(U 0 ) → Vec(X), A → ξ A is injective. Now, take A ∈ Lie(U 0 ) which is non-zero. Then there is a one-parameter unipotent subgroup U 0,A ⊂ U 0 such that Lie(U 0,A ) is generated by A. By definition, U 0,A is a root subgroup with respect to B of weight λ. By Lemma 4.2, it follows that ξ A lies in Vec(X) λ . Thus the whole image of Lie(U 0 ) → Vec(X) lies in Vec(X) λ and we get dim U 0 ≤ dim Vec(X) λ .
(3) =⇒ (1): Assume that X admits no open B-orbit. This implies by Rosenlicht's Theorm [Ros56, Theorem 2] that there is a B-invariant non-constant rational map f : X k. By Proposition 3.6, there exist B-semi-invariant regular functions f 1 , f 2 : X → k such that f = f 1 /f 2 and since f is B-invariant, the weights of f 1 and f 2 under B are the same, say λ 0 ∈ X(B).
Moreover, there exists no non-zero homogeneous polynomial p in two variables with p(f 1 , f 2 ) = 0. Indeed, otherwise there exist m > 0 and a non-zero tuple
Since f is non-constant, we get a contradiction, as k is algebraically closed.
Since B contains unipotent elements, the centre of the unipotent radical in B is non-trivial. Let ρ : G a × X → X be the G a -action that corresponds to a onedimensional subgroup of this centre Hence ρ is B-homogeneous for some weight λ 1 ∈ X(B). Thus for any m ≥ 0, we get a faithful (G a ) m+1 -action on X given by
= 0 for all non-zero (t 0 , . . . , t m ). The corresponding subgroup U 0 in Aut(X) is then a generalized root subgroup of dimension m + 1 with respect to B of weight λ 1 + mλ 0 ∈ X(B). As m was arbitrary, (3) is not satisfied.
Example 7.4. If the connected solvable algebraic group B does not contain unipotent elements, then Proposition 7.3 is in general false: Let B = G m act on X = A 2 via t · (x, y) = (x, ty) and consider for each m ≥ 0 the faithful (G a ) m+1 -action:
The corresponding subgroup in Aut(X) is then a generalized root subgroup with respect to B of weight id :
Lemma 7.5. Let T be an algebraic torus and let X be a quasi-affine T -toric variety such that X ≃ T . Then there exists a non-trivial T -homogeneous G a -action on X and an subtorus T ′ ⊂ T of codimension one such that the induced G a ⋊ T ′ -action on X has an open orbit.
Proof. Since X ≃ T , there is a non-trivial T -homogeneous G a -action on X by Proposition 6.10. Denote by V ⊂ Aut(X) the corresponding root subgroup.
Let x 0 ∈ X such that T x 0 ⊂ X is an open in X and let S be the connected component of the stabilizer in V · T of x 0 . As dim V · T = dim X + 1, we get dim S = 1. If S would be contained in V , then S = V and thus vx 0 = x 0 for all v ∈ V . From this we would get for all t ∈ T , v ∈ V that (tvt −1 ) · (tx 0 ) = tx 0 and hence V would fix each element of the open orbit T x 0 , contradiction. Hence S ⊂ V , which implies that there is a codimension one subgroup T ′ ⊂ T with S ⊂ V · T ′ . This implies that (V · T ′ ) ∩ S is finite and thus V · T ′ x 0 is dense in X. As orbits are locally closed, we get that
For the sake of completeness let us recall the following well-known fact from the theory of algebraic groups:
Lemma 7.6. Let G be a connected reductive algebraic group and let B ⊂ G be a Borel subgroup. If G is not a torus, then B contains non-trivial unipotent elements.
Proof. Denote by T ⊂ B a maximal torus. Towards a contradiction, assume that B contains no non-trivial unipotent element. Then B = T and by the Bruhat decomposition (see [Hum75, Theorem in §28.3]), it follows that G is equal to the normalizer N G (T ) of T in G. Since the Weyl group N G (T )/T is finite, T has finite index in G and by the connectivity of G we get G = T , contradiction. Now, we prove that one can recognize the spericity of an irreducible quasi-affine normal G-variety from its automorphism group. Proposition 7.7. Let G be a connected reductive algebraic group and let X, Y be irreducible quasi-affine normal varieties. Assume that there is a group isomorphism θ : Aut(X) → Aut(Y ) that preserves algebraic subgroups. If X is non-isomorphic to a torus and G-spherical, then Y is G-spherical for the induced G-action via θ.
Proof. We denote by B ⊆ G a Borel subgroup and by T ⊆ G a maximal torus. We distinguish two cases: G = T : By Lemma 7.6 the Borel subgroup B contains unipotent elements and thus we may apply Proposition 7.3 in order to get a bound on the dimension of every generalized root subgroup with respect to B of Aut(X). Since the generalized root subgroups of Aut(X) (with respect to B) correspond bijectively to the generalized root subgroups of Aut(Y ) (with respect to θ(B)) via θ (see Remark 7.2 and Lemma 5.1), it follows by Proposition 7.3 that Y is θ(G)-spherical. G = T : In this case X is T -toric. Since X is not isomorphic to a torus, we may apply Lemma 7.5 in order to get a codimension one subtorus T ′ ⊂ T and a root subgroup V ⊂ Aut(X) with respect to T such that V · T ′ acts with an open orbit on X. As before, it follows from Proposition 7. Throughout the whole section we fix the following Notation. We denote by G a connected reductive algebraic group, by B ⊂ G a Borel subgroup and by T ⊂ B a maximal torus. Moreover, we denote by U ⊂ B the unipotent radical of B. Moreover, we denote X(B) R = X(B) ⊗ Z R where X(B) is the character group of B. If X is a G-variety, recall that we denote
there exists a non-trivial B-homogeneous G a -action on X of weight λ (see Subsec. 4.2 for the definition of a B-homogeneous G a -action).
In this section we give for a quasi-affine G-spherical variety X a description of the weight monoid Λ + (X) in terms of D(X), see Theorem 8.2 below.
Proposition 8.1. Let X be an irreducible quasi-affine variety with a faithful Gaction such that O(X) is a finitely generated k-algebra. If G = T , then there is a λ ∈ D(X) with
where the asymptotic cones are taken inside X(B) R .
Proof. We denote D = D(X). By Lemma 4.3 we have
there is a non-zero vector field in Vec U (X) that is normalized by B of weight λ =: D ′ .
By Corollary 4.8 we know that Vec U (X) is finitely generated as an O(X) U -module. Hence, there are finitely many non-zero B-homogeneous ξ 1 , . . . , ξ k ∈ Vec U (X) such that the B-module homomorphism π :
is surjective. Let λ ∈ D ′ and let η ∈ Vec U (X) be a non-zero vector field that is normalized by B of weight λ.
U ξ i (see Proposition 3.5). As each element in M can be written as a sum of T -semi-invariants, as U acts trivially on M and as X(U ) is trivial, it follows that each element in M can be written as a sum of B-semi-invariants. Hence, there is a non-zero B-semi-invariant ξ ∈ M such that π(ξ) = η. As a consequence, the weight of ξ is λ. Thus we proved that D ′ is contained in the weights of non-zero B-semi-invariants of
where λ i ∈ X(B) denotes the weight of ξ i . Since G = T , we get by Lemma 7.6 that U = {e}. Since G (and therefore U ) acts faithfully on X, there is a non-trivial B-homogeneous G a -action ρ : G a × X → X of a certain weight λ ∈ D associated to a root subgroup with respect to B in the centre of U . Now, we claim that
Indeed, this follows since for every non-zero B-semi-invariant r ∈ O(X) U of weight λ ′ ∈ X(B), the G a -action
is non-trivial and B-homogeneous of weight λ + λ ′ ∈ X(B). In summary, we have proven
From Lemma 2.1 it follows now that Λ
Theorem 8.2. Let X be a quasi-affine G-spherical variety which is non-isomorphic to a torus.
where the asymptotic cones and linear spans are taken inside
) and D(X) is non-empty.
Proof. As in the last proof, we set D = D(X). We get D = ∅, indeed: if G = T , this follows from Lemma 7.6 and if G = T , this follows from Proposition 6.10 (as X is not a torus). Since X is a quasi-affine G-spherical variety, it follows from Lemma 3.4 that X aff = Spec O(X) is an affine G-spherical variety. In particular, O(X) is an integrally closed domain, that is finitely generated as a k-algebra. Hence O(X) U is integrally closed and it is finitely generated as a k-algebra (by Proposition 4.6). Since B acts with an open orbit on X aff , the algebraic quotient X aff / /U = Spec O(X) U is an affine T ′ -toric variety where T ′ is a quotient torus of T . Thus we get a natural inclusion of character groups
where we identify X(B) with X(T ) via the restriction homomorphism. Using the above inclusion, Λ + (X) is contained inside X(T ′ ) and it is equal to the set of T ′ -weights of non-zero T ′ -semi-invariants of O(X) U . As X aff / /U is T ′ -toric, Λ + (X) is a finitely generated semi-group and Conv(Λ + (X)) is a convex rational polyhedral cone inside X(T ′ ) R ⊂ X(B) R . Moreover, Λ + (X) generates X(T ′ ) as a group inside X(B) and Λ + (X) is saturated in X(T ′ ), i.e.
and there is a λ ∈ D with λ + Λ + (X) ⊂ D ⊂ X(T ′ ). Since Λ + (X) generates the group X(T ′ ), we get thus Span Z (D) = X(T ′ ). As Conv(Λ + (X)) is a rational convex polyhedral cone, we get Conv(Λ + (X)) = Conv(Λ + (X) ∞ ). In summary we have
and thus ( ) holds. The second statement follows now from
• G = T . In particular, T acts faithfully with an open orbit on X. Thus T ′ = T and both varieties X, X aff = X aff / /U are T -toric.
Denote by σ ⊂ Hom Z (X(T ), R) the strongly convex rational polyhedral cone that describes X aff and let σ ∨ ⊂ X(T ) R be the dual of σ. By Corollary 6.9
. This implies that dim σ > 1 and we may write σ ∨ = C × W where C ⊂ X(T ) R is a strongly convex polyhedral cone of dimension > 1 and W ⊂ X(T ) R is a linear subspace. Hence, C is the convex hull of its codimension one faces and thus the same holds for σ ∨ . Using (△), we get
Since Λ + (X) is saturated in X(T ), the above equality implies that
It follows from Proposition 6.10 that X(T ) = Span Z (D) (here we use that X ≃ T ) and thus ( ) holds. The second statement follows now from
Remark 8.3. Assume that G = T and that X is a T -toric quasi-affine variety. Then one could recover the extremal rays of the strongly convex rational polyhedral cone that describes X aff from D(X) in a similar way as in [LRU19, Lemma 6.11] by using Corollary 6.8. In particular, one could then recover Λ + (X) from D(X). However, we wrote Theorem 8.2 in order to have a nice "closed formula" of Λ + (X) in terms of D(X) for almost all quasi-affine G-spherical varieties.
Corollary 8.4. Let X be a quasi-affine G-spherical variety. Then the following holds (here, the linear spans and the asymptotic cones are taken inside X(B) R ):
where
In particular, the following holds: If Y is another quasi-affine G-spherical variety with
Proof. If X is a torus, then D(X) is empty. In particular, G = T by Lemma 7.6 and thus X ≃ T . Hence, Λ + (X) = X(T ) and we are in case (3). Thus we may assume that X is not a torus.
, then the statement is a direct consequence of Theorem 8.2 and we are in case (1).
Thus we may assume that G = T and X aff ≃ A 1 × (A 1 \ {0}) dim(X)−1 . In particular, D(X) is non-empty and by Proposition 6.10 we get X(T ) = Span Z (D(X)). Denote by σ ⊂ Hom Z (X(T ), R) the closed strongly convex rational polyhedral cone that describes X aff . In this case σ is a single ray and thus σ ∨ is a closed half space in X(T ) R . As D(X) ∞ = σ ∨ \ int(σ ∨ ) (see Corollary 6.9), it follows that D(X) ∞ is a hyperplane in Span R (D(X) ). By definition Λ + (X) = σ ∨ ∩ Span Z (D(X)) and σ ∨ is in fact the closed half space with boundary D(X) ∞ that does not intersect D(X) (see Corollary 6.8). In particular, dim Conv(D(X) ∞ ) < dim T = dim Span R (D(X)) and thus we are in case (2).
As a consequence of Corollary 8.4 we prove that for a G-spherical variety X the weight monoid Λ + (X) ⊆ X(B) is determined by its automorphism group. Theorem 8.6. Let X and Y be irreducible normal affine varieties. Assume that X is G-spherical and that X is not isomorphic to a torus. Moreover, we assume that there is an isomorphism of groups θ : Aut(X) ≃ Aut(Y ) that preserves algebraic subgroups. We consider Y as a G-variety by the induced action via θ. Then X, Y are isomorphic as G-varieties, provided one of the following statements holds • X and Y are smooth or • G = T is a torus.
Proof. By Corollary 8.5, Y is G-spherical and the weight monoids Λ + (X) and Λ + (Y ) coincide. In case X and Y are smooth, the statement follows now from the affirmative answer of Knop's Conjecture, see [Los09a, Theorem 1.3] . In case G is a torus, it is classical, that from the weight monoid Λ + (X) one can reconstruct the toric variety X up to G-equivariant isomorphisms, see e.g. Fulton [Ful93, §1.3].
A counter example
For th rest of this article, we give an example which shows that we cannot drop the normality condition in Main Theorem 1. The example is borrowed from [Reg17] .
Let µ d ⊂ k * be the finite cyclic subgroup of order d and let it act on A n via t · (x 1 , . . . , x n ) = (tx 1 , . . . tx n ). The algebraic quotient A n /µ d has the coordinate ring O(A n /µ d ) = n → A n /µ d to an automorphism ψ of A n and there is an integer c ≥ 1 which is coprime to d such that for each t ∈ µ d and each (a 1 , . . . , a n ) ∈ A n we have ψ(ta 1 , . . . , ta n ) = t c ψ(a 1 , . . . , a n ) .
This implies that for each i ∈ {1, . . . , n},
k[x 1 , . . . , x n ] kd+c .
As ψ is an automorphism of A n , we get c = 1 and thus ψ is 
